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Spectral statistics for the evolution operator of a quantum particle showing
chaotic diffusion of the coordinate

A. R. Kolovsky
Kirensky Institute of Physics, 660036 Krasnoyarsk, Russia

~Received 13 January 1997!

We study the spectral properties of the evolution operator of a quantum particle subject to a space-periodic
time-dependent potential. Two qualitatively different regimes of the system dynamics are compared: case~i!,
when the spreading of the wave packet is asymptotically ballistic; and case~ii !, when the wave packet spreads
diffusively. As time increases, the spectrum is shown to approach Poisson statistics in case~i! and circular
unitary ensemble statistics in case~ii !. A scaling relation for the velocity and curvature distributions of the
spectral bands are found.@S1063-651X~97!12907-5#

PACS number~s!: 05.45.1b, 03.65.Sq
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This paper continues our study of chaotic diffusion o
quantum particle in a time-periodic and space-periodic
tential @1#. It should be noted that in the past few years t
problem changed its status from a problem of academic
terest to that of considerable experimental interest@2#. In the
experiments cited dynamics of the ultra-cooled atoms sub
to a standing laser wave with amplitude modulated in ti
has been studied. In the classical approach this syste
governed by the Hamiltonian

H5
p2

2m
1V~ t !cos2~kwx!, ~1!

where m is the mass of atom,kw is the wave vector of a
standing wave,V(t) is proportional to laser intensity and
depending on the way we modulate the laser intensity,
exhibit chaotic diffusion both of the momentum and coor
nate. The later case can be realized, for example, by ch
ing V(t);sin2(nt) ~the detailed classical analysis of this sy
tem is given in@3#! or V(t) to be a square-shape period
function @4#.

In this present paper we address the question of how
process of chaotic diffusion of the coordinate relates to
tistics of the spectrum of the system evolution operator. T
preliminary remarks should be of interest. First, since
system is a system with translational symmetry, its spect
has a band structure@5#. Thus we do statistics of the band
where the Bloch vector is considered as a parameter.
second remark concerns the problem of separation of
spectrum into regular and chaotic components. This prob
occurs because the phase space of any physical syste
type ~1!, with V(t) yielding diffusion of the coordinate, ha
two components—a chaotic component forupu,pmax ~con-
finement of the momentum is a necessary condition for
fusion of the coordinate!; and a regular component fo
upu.pmax, where a classical particle moves ballistical
Thus the spectrum of the evolution operator is a mixture
the bands associated with ballistic and chaotic motion~see
Fig. 3 in Ref.@1#!. Separation of the spectrum into two com
ponents is a rather complicated numerical problem@11#. We
note that the two-component structure of the phase sp
561063-651X/97/56~2!/2261~4!/$10.00
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affects the classical dynamics as well. In particular, the c
sical diffusion has been found to be typically an anomalo
~super-!diffusion @3#.

One can avoid all the problems caused by the mix
structure of the system phase space by considering a m
system. To this end we introduce the Harper model@6–10#
with impulses

H5cosp1K d̃ ~ t !cosx, d̃ ~ t !5(
m

d~ t2Tm!, ~2!

where the momentum is confined by the interv
0<p,2p and 2`,x,`. ~We note that topology of the
phase space differs from those considered in@6–10#.! For
K>5 system~2! seems to have only a chaotic compone
~no stability islands are visible under the resoluti
2p/100) and shows a perfect diffusion in the classical a
proach @see Fig. 1, curve~a!#. Because the momentum i
bounded, the diffusion constantDcl is essentially indepen
dent of K and, neglecting a small oscillation
Dcl(K)'0.05.

Quantization of model ~2! is straightforward,
cosp→cos(2i\]/]x), and leads to the Harper-like equation

i\]c~xn ,t !/]t5@c~xn11 ,t !1c~xn21 ,t !#/2

1K d̃ ~ t !cosxnc~xn ,t !. ~3!

In Eq. ~3! xn5\n and, to satisfy the periodic boundary co
dition for the momentum, the scaled Planck const
\52p/N. We would like to stress that here we do not rega
Eq. ~3! as the tight-binding model of crystal electron in
magnetic field, but consider it as a convenient approximat
of system~1!. Thus the rationality of\/2p, which preserves
the translational symmetry of the system, is an import
point in our model. In what follows we study the spectr
properties of evolution operator of system~2! in two cases—
case~i!, when d̃ (t) is a periodic train ofd functions; and
case~ii !, when d̃ (t) is an aperiodic train of the impulses~we
choose the interval between impulses to be eitherT51 or
T50.9 in random sequence!. These two cases are qualita
tively different from the viewpoint of the system dynamic
In the first case the spreading of the wave packet~initially
2261 © 1997 The American Physical Society
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2262 56BRIEF REPORTS
well localized! is asymptotically ballistic, but the spreadin
of the packet is asymptotically diffusive in the second ca
@4#. Thus the system evolution operator is a banded ma
~in the coordinate representation! with the band width grow-
ing linearly in time in case~i! and as a square root of time i
case~ii !.

A few words about the numerical method used. Beca
an eigenfunction of the evolution operator is the Bloch fun
tion c l(xn)5exp(ikxn)fl(xn), f l(xn12p)5f l(xn), the
problem of finding the spectrum is reduced to diagonali
tion of the matrixU(t)

U~ t !5)
t51

t

UTt
, ~4!

of finite sizeN3N. In Eq. ~4! UT is unitary matrix of the
system evolution for one step

UT5expS 2
iT

\
cos~ p̂1k! DexpS 2

iK

\
cosxD , ~5!

which is now defined on the torus 0<x,p,2p, k is the
Bloch vector. The matrices~5! and~4! were calculated in the
momentum representation for everyk and then diagonalized

First we will discuss the spectral properties of the mat
~5!. The spectrum ofUT is shown in Fig. 2~a! „the phases of
the eigenvaluesl5exp@iel(k)# are plotted…. It is seen that the
spectrum is symmetric with respect tok→2k and e→2e.
However this symmetry does not influence statistics of
spectrum. A property which does influence statistics is
antiunitary symmetry ofUT for any fixedk @13#. Because of
this the spectrum is expected to obey circular orthogo

FIG. 1. Variance of the coordinate for the Harper model w
impulses (K55) as a function of time. Time is measured in th
number of impulses, the coordinate in units of 2p. Curve~a! shows
the classical diffusion,~b! is the quantum ‘‘diffusion’’ in case~i!
@periodic train of impulses#, and~c! is the quantum diffusion in case
~ii ! @aperiodic train of impulses#. The value of the scaled Planc
constant is\52p/64. The initial condition is chosen in the form o
a localized wave packetuc(x,0)u2;exp@2(x/p)2#. In the classical
approach it corresponds to the Gauss distribution with the varia
sx

25p2 andsp
25\2/4sx
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ensemble~COE! rather than circular unitary ensemble~CUE!
statistics. The solid line~a! in Fig. 3 shows the cumulative
distribution functionI (s)5*0

sP(s8)ds8 for the gaps

s5
e l 11~k!2e l~k!

\
'

1

\

]e l~k!

] l
. ~6!

@P(s)ds is the probability to find a gap of the sizes. We
remind the reader thatP(s)5exp(2s) for Poisson,
P(s)5(p/2)sexp(2ps2/4) for COE, and P(s)
5(32/p2)s2exp(24s2/p) for CUE statistics.# A satisfactory
agreement between the numerical data and the predictio
the random matrix theory~dotted line! is seen@14#.

We proceed with the analysis of the spectrum of the ev
lution operator~4!. We begin with case~i!, whenTt51. In
this case the motion of a quantum particle in a space-perio
potential is asymptotically ballistic@1,4,12# and results in

ce

FIG. 2. Spectrum of the system evolution operatorU(t) for
t51 ~a! and t5100 ~b! in the case of aperiodic train of impulses

FIG. 3. Cumulative distribution function for the gaps. Statistic
of the gaps for the matrixUT5U(1) @curve ~a!# and for U(t) at
t5100 in case~i! @curve~b!# and case~ii ! @curve~c!#. The statistics
are done by collecting the eigenvalues ofU(t) for 256 equally
spaced values ofk. The dotted lines show Poisson, COE, and CU
statistics according to the random matrix theory.
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56 2263BRIEF REPORTS
t2 law for variance of the coordinatêx2&;t2 @see Fig. 1,
curve~b!#. This ballistic spreading is mirrored in the chan
of spectral statistics from COE to Poissonian. In fact,
eigenvalues of the evolution operator for anyt are just
l(t)5exp(iet). Thus the crossings of the bands are allow
which lead to Poisson statistics@see Fig. 3, curve~b!#. We
note that the transition from COE to Poisson occurs alre
for t'10. This time differs from the quantum-classic
crossover timetc'40, when one can see an apparent dev
tion in the behavior of̂ x2& in Fig. 1. Unfortunately, avail-
able computer facilities were not enough to study the qu
tion, how the crossover time for the spectrum relates to
crossover time for the system dynamics@15#. We plan to
return to this problem in future.

We proceed with case~ii !. It is seen from Fig. 1 that now
the spreading of the wave packet is diffusive. A change
the system dynamics can be explained in the following w
Randomness introduced is actually equivalent to some ex
nal noise. It is well known that external noise recovers
classical dynamics of a semiclassical system@16# and the
behavior of any quantum mean^A&qu5^c(t)uÂuc(t)&, aver-
aged over different realizations of a random process, c
cides with the classical mean, i.e.,^A&qu5^A&cl . While this
is true for the average, this should also be true for a ‘‘ty
cal’’ realization of a random process~i.e., for the case we are
currently considering!. The spectrum of the evolution opera
tor for t5100 is shown in Fig. 2~b! and cumulative distribu-
tion function of the gaps is given by curve~c! in Fig. 3. Since
now the dynamics is not invariant with respect to time inv
sion, statistics has changed from COE to CUE.~The cross-
over time was again about 10.! From Fig. 3 it is also seen
that statistics forU(t) fits the prediction of the random ma
trix theory ~RMT! much better than statistics forUT . In
particular, this is true for a relative large value of the sca
Planck constant. For example, for\52p/16 the distribution
of the gaps forUT does not follow any smooth curve at a
but statistics for the evolution operatorU(t) rapidly ap-
proach either Poisson or CUE statistics when time tend
infinity.

FIG. 4. Dependence of the characteristic velocityv̄ ~in units of
\) on time in the case of diffusive spreading~circles!. The dotted

line is the best fit byv̄ (t);t1/2. The solid line shows the growth o

v̄ in the case of ballistic spreading.
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Approximation of the spectrum by CUE statistics seem
to be a general property of a system exhibiting diffusion
Another property of the distribution of the velocity can be
found if we analyze

v5
1

\

]e l~k!

]k
. ~7!

It is seen from Fig. 2 that in the course of time evolution th
structure of the spectrum changes from ‘‘laminar’’ to ‘‘tur-
bulent.’’ For the ‘‘turbulent’’ regime we have found a perfec
correspondence of the velocity distribution to the Gauss d
tribution P(v)5(2p)21/2exp(2v2/2v̄ 2) @see Fig. 5, curve
~a!# with monotonically growingv̄ . A functional dependence

v̄ 5 v̄ (t) can be guessed by considering case~i!. In that case
both the characteristic velocity and the region of support
the wave function grows linearly with time. Thus we can
assume that in the present case~ii ! the characteristic velocity
grows asv̄ ;t1/2. The numerical data support this conjectur
~see Fig. 4!.

It is also interesting to study the distribution of the curva
ture of the bands. Usually the curvature distribution for th
level flow of a chaotic system depends on the way of param
etrization and only the asymptotic behavior for large curva
ture ~the tail of the distribution! can be universal@17#. This
leaves some freedom in choosing a parametrization, whi
would fit the prediction of RMT in the best way. For the
system considered we have no such freedom—our parame
zation by the Bloch vectork is defined by the physics of the
problem, but not by our desire. We have found the distrib
tion of the normalized curvature

a5
1

2p\b v̄ 2

]2e l~k!

]k2 , b52 ~8!

to be invariant with respect to time and consistent with th
prediction of RMT given by von Oppen’s formula
P(a)52/p(11a2)2 @18# ~see Fig. 5 curve@b#!. We espe-

FIG. 5. Cumulative distribution function for the normalized ve
locity ~a! and curvature~b! for the spectrum shown in Fig. 2~b!.
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cially note that the correspondence of the numerical dat
von Oppen formula is global.

In this paragraph we sum up the results obtained.
have considered a quantum particle moving in a spa
periodic time-dependent potential, focusing on the case w
the system exhibits chaotic diffusion of the coordinate.
this case the spectrum of the system evolution operator
shown to possess a number of properties. Namely:~a! the
distribution of the gaps obeys CUE statistics;~b! the distri-
bution of the velocity is Gaussian with the variance growi
linearly in time; and~c! the distribution of the normalized
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curvature is independent of time and fitted by von Oppe
formula globally. Though these properties were found in
model system, we believe that they are universal for a
chaotic system with translational symmetry, provided th
only chaotic component of the spectrum is considered
justification of this conjecture could be a subject of a diffe
ent paper.
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