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Spectral statistics for the evolution operator of a quantum particle showing
chaotic diffusion of the coordinate
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We study the spectral properties of the evolution operator of a quantum particle subject to a space-periodic
time-dependent potential. Two qualitatively different regimes of the system dynamics are comparéi; case
when the spreading of the wave packet is asymptotically ballistic; and(itgsehen the wave packet spreads
diffusively. As time increases, the spectrum is shown to approach Poisson statistics (i) ek circular
unitary ensemble statistics in ca6e. A scaling relation for the velocity and curvature distributions of the
spectral bands are foun51063-651X97)12907-5

PACS numbeps): 05.45+b, 03.65.Sq

This paper continues our study of chaotic diffusion of aaffects the classical dynamics as well. In particular, the clas-
guantum particle in a time-periodic and space-periodic posical diffusion has been found to be typically an anomalous
tential [1]. It should be noted that in the past few years this(supendiffusion [3].
problem changed its status from a problem of academic in- One can avoid all the problems caused by the mixed
terest to that of considerable experimental intef@ktin the  structure of the system phase space by considering a model
experiments cited dynamics of the ultra-cooled atoms subjeaystem. To this end we introduce the Harper mdéel10|
to a standing laser wave with amplitude modulated in timewith impulses
has been studied. In the classical approach this system is

governed by the Hamiltonian H=com+K3(t)cos, ()= s¢t—Tm), (2)
m

2

p
H=o—+ V(t)cog(KyX), @

where the momentum is confined by the interval
0<p<27 and —o<x<w. (We note that topology of the
phase space differs from those considered6r10Q].) For
K=5 system(2) seems to have only a chaotic component
wherem is the mass of atork,, is the wave vector of a (no stability islands are visible under the resolution
standing wave\/(t) is proportional to laser intensity and, 2#/100) and shows a perfect diffusion in the classical ap-
depending on the way we modulate the laser intensity, caproach[see Fig. 1, curvga)]. Because the momentum is
exhibit chaotic diffusion both of the momentum and coordi-bounded, the diffusion constabt;, is essentially indepen-
nate. The later case can be realized, for example, by choogent of K and, neglecting a small oscillation,
ing V(t) ~si’(1t) (the detailed classical analysis of this sys- D,(K)~0.05.

tem is given in[3]) or V(t) to be a square-shape periodic  Quantization of model (2) is straightforward,

function[4]. cogp—cos(—indldx), and leads to the Harper-like equation
In this present paper we address the question of how the

process of chaotic diffusion of the coordinate relates to sta- i dp(Xn )] It=[h(Xn+1,0) + h(Xp-1,1)]/2

tistics of the spectrum of the system evolution operator. Two ~

preliminary remarks should be of interest. First, since our +KS(1)cost (X, b). ©)

system is a system with translational symmetry, its spectru
has a band structuf&]. Thus we do statistics of the bands,
where the Bloch vector is considered as a parameter. Th
second remark concerns the problem of separation of th
spectrum into regular and chaotic components. This proble
occurs because the phase space of any physical system
type (1), with V(t) yielding diffusion of the coordinate, has
two components—a chaotic component fpf<pmax (con-

r?n Eq. (3) x,=#n and, to satisfy the periodic boundary con-
ition for the momentum, the scaled Planck constant
=2x/N. We would like to stress that here we do not regard
g. (3) as the tight-binding model of crystal electron in a
1agnetic field, but consider it as a convenient approximation
of system(1). Thus the rationality ofi/27r, which preserves
the translational symmetry of the system, is an important
finement of the momentum is a necessary condition for dif-pomt In our model.. In what follows we st_udy the spectral
fusion of the coordinaje and a regular component for prope.rtles of e’\ioluu.on open_slto_r of systéﬁ) n tWO_ cases—
|p|>Pmax, Where a classical particle moves ballistically. €@se(i), when &(t) is a periodic train ofé functions; and
Thus the spectrum of the evolution operator is a mixture ofcase(ii), when §(t) is an aperiodic train of the impulséwe

the bands associated with ballistic and chaotic mofgee choose the interval between impulses to be eitherl or
Fig. 3 in Ref.[1]). Separation of the spectrum into two com- T=0.9 in random sequengeThese two cases are qualita-
ponents is a rather complicated numerical probjédi. We tively different from the viewpoint of the system dynamics.
note that the two-component structure of the phase spada the first case the spreading of the wave packatially
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FIG. 1. Variance of the coordinate for the Harper model with ~ FIG. 2. Spectrum of the system evolution operaltéft) for
impulses K=5) as a function of time. Time is measured in the t=1 (a) andt=100(b) in the case of aperiodic train of impulses.

number of impulses, the coordinate in units af ZZurve(a) shows . .
the classical diffusion(b) is the quantum “diffusion” in casdi) ensembl¢COR rather than circular unitary ensemieUE)

[periodic train of impulsels and(c) is the quantum diffusion in case sFat|§t|cs.. The So,hd linga) 'Sn F'?- 3 ,shows the cumulative
(i) [aperiodic train of impulsds The value of the scaled Planck distribution functionl (s)=JoP(s")ds’ for the gaps

constant ish =2/64. The initial condition is chosen in the form of 6. 1(K—e(k) 1 (k)
a localized wave packdiy(x,0)|?>~exd —(x/7)?]. In the classical =+t Y - (6)
approach it corresponds to the Gauss distribution with the variance h ho 4l

o2==? and O'FZ): h2l4o?.

[P(s)ds is the probability to find a gap of the size We

well localized is asymptotically ballistic, but the spreading Leg)ln:d(thgt)ase)r(i?ii?rrsz/‘tgatP&(s))rzexcgé)(()—Es) fo;n dPO';?g)n '

of the packet is asymptotically diffusive in the second case PN - g .
[4]. Thus the system evolution operator is a banded matrix_ (32/m°)s*exp(—4s’/m) for CUE statisticg| A satisfactory

(in the coordinate representatjonith the band width grow- agreement between the numerical data and the prediction of

N S . . —"".  the random matrix theorydotted ling is seen14].
ing linearly in time in caséi) and as a square root of time in W d with th vsis of th f th
case(ii). e proceed with the analysis of the spectrum of the evo-

A few words about the numerical method used. Becauslm.'on operator(4): We begin with Casé.')’ WhenTT:l' In. .
. . ) ) is case the motion of a quantum particle in a space-periodic
an eigenfunction of the evolution operator is the Bloch func-

tion  y(x.) = explkx)h(x), (Xot27) = di(x), the potential is asymptotically ballisti¢1,4,12 and results in
n . ’ n n/»
problem of finding the spectrum is reduced to diagonaliza:

tion of the matrixU (t) ' ' —
0.9 (e) AHa) -
t (b)
um=]I us, (@) o8
=1 0.7}
of finite sizeNXN. In Eq. (4) Uy is unitary matrix of the 0.67
system evolution for one step Bos
U iT . K iK 5 o4 I
T=€x ﬁcos(p ) |ex hcos< , (5) ol , |
which is now defined on the torus<x,p<2m, k is the °2r |
Bloch vector. The matrice®) and(4) were calculated in the 0.1}
momentum representation for evenyand then diagonalized. N . . ' [ .
First we will discuss the spectral properties of the matrix 0 0.5 1 1.5 2 2.5 3
(5). The spectrum ol is shown in Fig. 2a) (the phases of
the eigenvalues =exdi¢(K)] are plotted. It is seen that the FIG. 3. Cumulative distribution function for the gaps. Statistics

spectrum is symmetric with respectke-—k ande——e€.  of the gaps for the matrixd;=U(1) [curve (a)] and for U(t) at
However this symmetry does not influence statistics of the=100 in casi) [curve(b)] and caséii) [curve(c)]. The statistics
spectrum. A property which does influence statistics is theire done by collecting the eigenvalues bft) for 256 equally
antiunitary symmetry ot for any fixedk [13]. Because of  spaced values df. The dotted lines show Poisson, COE, and CUE
this the spectrum is expected to obey circular orthogonastatistics according to the random matrix theory.
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FIG. 4. Dependence of the characteristic velogityin units of FIG. 5. Cumulative distribution function for the normalized ve-
fi) on time in the case of diffusive spreadifgrcles. The dotted locity (a) and curvaturgb) for the spectrum shown in Fig(1®.
line is the best fit by (t)~tY2 The solid line shows the growth of
v in the case of ballistic spreading. Approximation of the spectrum by CUE statistics seems
to be a general property of a system exhibiting diffusion.

2 B - 2 2 -
t* law for variance of the coordinatx®)~t* [see Fig. 1,  another property of the distribution of the velocity can be
curve (b)]. This ballistic spreading is mirrored in the changefound if we analyze

of spectral statistics from COE to Poissonian. In fact, the
eigenvalues of the evolution operator for ahyare just

A (t)=explet). Thus the crossings of the bands are allowed,
which lead to Poisson statistifsee Fig. 3, curvéb)]. We
note that the transition from COE to Poisson occurs already
for t=~10. This time differs from the quantum-classical |t js seen from Fig. 2 that in the course of time evolution the
crossover time;~40, when one can see an apparent deviasyrycture of the spectrum changes from “laminar” to “tur-
tion in the behavior ofx*) in Fig. 1. Unfortunately, avail- jent.” For the “turbulent” regime we have found a perfect

able computer facilities were not enough to study the quesgqregpondence of the velocity distribution to the Gauss dis-
tion, how the crossover time for the spectrum relates to the

crossover time for the system dynamids]. We plan to  tiution P(v)=(2m) %exp(-v¥2v?) [see Fig. 5, curve
return to this problem in future. (a)] with monotonically growing . A functional dependence
We proceed with casgi). It is seen from Fig. 1 that now y =y (t) can be guessed by considering cégeln that case
the spreading of the wave packet is diffusive. A change oboth the characteristic velocity and the region of support of
the system dynamics can be explained in the following waythe wave function grows linearly with time. Thus we can
Randomness introduced is actually equivalent to some extesgssume that in the present cdsgthe characteristic velocity

nal npise. It is vyeII known thgt extgrnal noise recovers thegrOWS asv ~tY2 The numerical data support this conjecture
classical dynamics of a semiclassical systgti] and the (see Fig. 4

behavior of any quantum medA),,=(4(1)|A|4(t)), aver- It is also interesting to study the distribution of the curva-
aged over different realizations of a random process, cointure of the bands. Usually the curvature distribution for the
cides with the classical mean, i.€A)q,=(A)¢ . While this  level flow of a chaotic system depends on the way of param-
is true for the average, this should also be true for a “typi-etrization and only the asymptotic behavior for large curva-
cal” realization of a random processe., for the case we are ture (the tail of the distributioncan be universdl17]. This
currently considering The spectrum of the evolution opera- leaves some freedom in choosing a parametrization, which
tor for t=100 is shown in Fig. @) and cumulative distribu- would fit the prediction of RMT in the best way. For the
tion function of the gaps is given by cur¢e in Fig. 3. Since  system considered we have no such freedom—our parametri-
now the dynamics is not invariant with respect to time inver-zation by the Bloch vectdk is defined by the physics of the
sion, statistics has changed from COE to CWJEhe cross- problem, but not by our desire. We have found the distribu-
over time was again about 307rom Fig. 3 it is also seen tion of the normalized curvature

that statistics fotJ(t) fits the prediction of the random ma-

1 9e/(K)
TR ok @)

trix theory (RMT) much better than statistics fdd;. In 1 7e/(K)
particular, this is true for a relative large value of the scaled a= = |'(2 , B=2 (8)
Planck constant. For example, fbr=27/16 the distribution 2nhiBv® 9

of the gaps folU does not follow any smooth curve at all,

but statistics for the evolution operatdi(t) rapidly ap- to be invariant with respect to time and consistent with the
proach either Poisson or CUE statistics when time tends tprediction of RMT given by von Oppen’'s formula
infinity. P(a)=2/m(1+a%? [18] (see Fig. 5 curvdb]). We espe-
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cially note that the correspondence of the numerical data tourvature is independent of time and fitted by von Oppen’s
von Oppen formula is global. formula globally. Though these properties were found in a

In this paragraph we sum up the results obtained. Wenodel system, we believe that they are universal for any
have considered a quantum particle moving in a spacechaotic system with translational symmetry, provided that
periodic time-dependent potential, focusing on the case whegnly chaotic component of the spectrum is considered. A

the system exhibits chaotic diffusion of the coordinate. Injystification of this conjecture could be a subject of a differ-
this case the spectrum of the system evolution operator wagnt paper.

shown to possess a number of properties. Namglythe

distribution of the gaps obeys CUE statisti¢s) the distri- This work was supported by INTAS under Grant No. 94-
bution of the velocity is Gaussian with the variance growing2058 and by Russian Fund for Basic Research under Grant
linearly in time; and(c) the distribution of the normalized No. 96-02-16564.
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